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Abstract 

We prove a Euler-Poincare reduction theorem for stochastic processes taking values 
in a Lie group and we show examples of its application to 50(3) and to the group of 
diffeomorphisms. 

1 Introduction 

Two methods of stochastic perturbation of Geometric Mechanics seem to be known 
today. In one of them, inspired by J. M. Bismut [B] and developed by J. P. Ortega 
and collaborators [LC-O], the Lagrangian of the system is randomly perturbed. We 
shall advocate here the other approach, sometimes known as "stochastic deformation", 
where the Lagrangian is essentially the classical one but is evaluated on the underlying 
stochastic process and its mean derivative. This perspective was initially motivated 
by the quantization of classical systems ([C-Z], [Y 1] , [Z]) and a probabilistic version 
of Feynman's path integral approach. More recently ([C-C], [A-C]) the Navier-Stokes 
equation was derived as solution of a stochastic variational principle for this kind of 
Lagrangian. 

We establish here a stochastic Euler-Poincare reduction theorem on a general Lie 
group. We describe some applications including the stochastic Lagrangian flows in- 
trinsically associated with the Navier-Stokes equation (without external noise). In 
this stochastic variational program, indeed, this equation coincides with the stochastic 
deformation of Arnold's picture of the Euler flow as a geodesic on the Lie group of 
diffeomorphisms ([A]). 



2 Semimartingales in a general Lie group 

In [C-C] and [A-C], also inspired by [Y2], it was shown that the Navier-Stokes equation 
(in the two-dimensional torus and in a compact Riemannian manifold without bound- 
ary, respectively) can be viewed as the drift part of a semi-martingale which is a critical 
point of the functional whose Lagrangian is given by the kinetic energy expressed via 
the generalized derivative. 

The stochastic variational principle is formulated in the space of volume-preserving 
homeomorphisms, which is a (infinite dimensional) Lie group endowed with a right- 
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invariant metric. It extends to the Navier-Stokes equation Arnold's variational principle 
for the Euler equation. 

In the present work we consider a stochastic variational principle in a general Lie 
group G, endowed with a left-invariant (or right-invariant) metric. 

The domain of our action functionals will be a set of semimartingales. As they are 
not of bounded variation with respect to time, we can not use a classical derivative in 
time, but will replace it by a generalized mean derivative 

In a Euclidean setting the definition of the generalized derivative (in time) cor- 
responds to a derivative regularized by a conditional expectation with respect to the 
filtration at each time. More precisely, given by semi-martingale £(.) with respect to 
an increasing filtration and taking values in the Euclidean space (or torus) the 
generalized derivative is defined by, 



(2.1) -^^:=limE 

dt e4-0 
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In particular, as the conditional expectation of the martingale part vanishes, the gen- 
eralized derivative coincides with the derivative of the bounded variation part of the 
semimartingale (its drift). 

In a general manifold M a martingale can only be defined after fixing a connection 
V (see [E], [I-W]). More precisely, a M-valued semi-martingale £(.) is a V-martingale, 
if for each / e C°°(M), 

Ml := /(£(*)) - MO)) - \ J Keuma))(d£(8),d£(8)) 

is a IR 1 -valued local martingale with respect to the filtration J^, where Hess/(x) : 
T X M x T X M -> R is defined by 

(2.2) Hess/(x) (a u A 2 ) := ~A x ~A 2 f - V Al A 2 f, VAi, A 2 e T X M, 

the vector fields Aj, j = 1,2 on M being smooth and such that Ai(x) = Aj. 

When M is a finite dimensional manifold Hess/ = Vdf is the covariant derivative 
of the (differential) tensor field df by the connection V. For an infinite dimensional 
Lie group the tensor field df or Vdf does not always exist due to divergence of infinite 
series, but the definition ( 12. 2 p is valid at least for smooth cylinder functions /. This is 
why we use here definition (12. 2p . 

So for a M-valued semi-martingale £(.) it is natural to extend the definition of (12. ip 
to a V-generalized derivative as follows. If for each / G C°°(M), 

N{ := fm) - f(Z(0)) ~ \ f^f{t{s)){dt{s),dt{s)) ~ £ A(8)f(£(8))d8 
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is a M 1 -valued local martingale, where (random) A(t) G T^ t )M a.s., then we define 



In fact, if M is a finite dimensional manifold with a connection V, there is an 
equivalent definition to (12.31) . For simplicity, we assume £(.) is a M- valued semi- 
martingale with fixed initial point £(0) = x, there is a stochastic parallel translation 
/ /. : T X M — > T^qM along £(.) by the connection V such that V ^(t)(/ /tv) =0 for any 
v G T X M. Then r)(t) := J * / /7 1 o d£(s) is a T^M valued semimartingale. As in (12. ip . 
we take the derivative of bounded variation part as follows, 



D " (t) ._ E ri(« + *)--?(*> 



which is a T^M valued process. Then we define 

dt ' 7/ * dt ' 

This definition is the same as (I2.3p . see [E]. 

From now on G will denote a Lie group endowed with a left invariant metric ( ) 
and a left invariant connection V. Unless explicitely stated, V is a general connection, 
not necessarily the Levi-Civita connection with respect to ( ). From now on, we let 

:= T e G, here e is the unit element of G, in particular, T e G can be identified with 
the Lie algebra of G. 

Taking a sequence of vectors Hi e % = 1, 2, .., k, and a non-random map «(.) G 
C 1 ([0, 1]; £f), consider the following Stratonovich SDE in the group G, 

(2.4) dg(t) = T e L g[t) (^H t odW'i- l -Ys ^H^dt + u{t)dt) , .., g(0) = e 

i i 

where T a L g ( t ) '■ T a G — > T g ^) a G is the differential of the left translation L g (t)(x) := g(t)x, 
Vx G G at the point x = a G G, and is a M fe valued Brownian motion. 
By Ito formula and definition (12. 3p we can see that 

D V 9(t) rp J (A 

dt = T e L g{t) u(t). 

In fact the term l^jV^-ffj corresponds to the contraction term which is the 
difference between the Ito and the Stratonovich stochastic integral. 

In particular, if {H{\ is an orthonormal basis of £f , V is the Levi-Civita connection, 
u(t) = for each t, and V^i^i = for each i, then g(.) is the Brownian motion on G 
whose generator is the Laplace-Beltrami operator. 
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Note that if Hi = for each i, then D ^ is the ordinary derivative with t, which 
does depend on the connection V. 

Remark: By the standard theory, the SDE (12. 4p can only be defined on the 
finite dimensional Lie group. But in some special cases of infinite dimensional Lie 
groups, for example, the group of diffeomorphism on torus, SDE (12. Ah still defines a 
semi-martingale even when we take an infinite number of Hi, see the discussion in 
[A-C],[C],[C-C]. So, from now on, G can be viewed as finite or infinite dimensional 
Lie group as long as a solution of (12 .4p exists (notably in the case of the group of 
diffeomorphisms on a manifold). 

3 The stochastic Euler-Poincare reduction theorem 
in a Lie group 

Let 5^{G) be the collection of all the G- valued semi-martingales with coefficients (both 
diffusion and drift) in C 1 ([0, 1]; £f). Define a stochastic action functional J v '^ ' in 5?{G) 
as following, 
(3-1) 

J V ' { >(£(•)) := ^ E [/ 1 (%)^)- 1 ^^'%) L ^)- 1 ^^) rft ]' G '^(G). 

Notice that here T^L^-i D ^ G £f for each t. 

The Lagrangian of this action functional corresponds to the (generalized) kinetic 
energy. One can easily extend our results to more general Lagrangians, 

L = m.),T m L m -,^j^-) 

For each v(.) G C^flO, 1]; <S) satisfying v{0) = v(l) = 0, let e e ,„(.) G ^([0, 1]; G) be 
the flow generated by ev(.) in G, such that 

f t e £ , v (t) = £T e L eeAt )v(t), 
e EtV (0) = e, 

We say a G- valued semi-martingale g(.) is a critical point of the action functional 
J v << ) if for any v(.) G C^flO, 1]; <&) satisfying v(0) = v(l) = 0, 



(3.2) dJ^K9sA-)) 



= 0, 

e=0 



where g £>v (t) := g(t)e £jV (t), t G [0, 1]. 

For the variation of e ev the following lemma holds, 



4 



Lemma 3.1. We have, 

^e £>v {t)\ £=0 = v{t) 

^i(*)U = -«(*) 

Proof. In the proof, we omit the index v in e £>v for simplicity. If ■§ denotes the covariant 
derivative on G via the Levi-Civita connection, then 

JtTe^ = TeJt^ = Te^ 1 ^)) = T e L eeit) v(t) + e^(T e L ee{t) v(t)) 

Let X(t) := ^e £ (t)| £ _ ; taking e = above, and noting that e (t) = e for each t, we 
derive, 

Then, as u(0) =0, we get X(t) = v(t). 

Since e e (t)e~ 1 (t) = e for each e, differentiating with respect to s, we get ^e~ x (t) 
= —T e R e -i^ T ee (t)L e -i, t s de ^ , where Ti? is the differential of right translation. Hence 
we have, 



□ 



Now we present our main result, a sufficient and necessary condition for the critical 
points of J v, ( K 

Theorem 3.2. Suppose that G is a Lie group with left invariant metric ( ) and left 
invariant connection V. The G-valued semi-martingale g(.) defined by l{2-4\ ) is a critical 
point of J v '^ ^ «/ and only if the non-random u(.) G C 1 ([0, 1]; Sf) satisfies the following 
equation, 

(3.3) j t u(t) = adl {t) u(t) + K(u(t)), 



where 



(3.4) :=«(*) -^X^ 3 *' 

for each wGil, a<i* : c S^r c Sis the adjoint of ad u : c S^r c S with respect to the metric 
0, 

(3.5) {ojd* u v, w) = (v, ad u w) Vw,t>,u> e £f , 
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and the operator K : £f — > is defined as following, 

(3.6) (K(u),v) = -(u, l - iyad^Hi + V Ht (ad v H t ))y Vu, v G <$ . 

i 

Proof. In the proof, we omit the index v in e £tV (.) and g e ,v{-) for simplicity. As g e (t) 
g(t)e £ (t), by Ito formula we get, 

dg £ (t) = T e L geit) Ht(t) o dWl + T e L Mt) Ud e - Ht) ( - \ V Ht H t + u(t)))dt 

(3.7) V \ 2 / 

+ T e L 9e{ t) (T ee{t )L e -i (t) e £ (t))dt, 

where Hf(t) := Ad e -i^Hi. From the definition of e £ (t), we have T e ^ t )L e -i^e £ (t) 
ev(t). Then for each / G C°°(G), 

iV/ := /(&(*)) - /^(O)) -±J*KeB8f(g e (8))(dg e (8),dg e (8)) 
{^H Hs) H!(s))f(g £ (s))ds 



is a local martingale. 

By the definition of generalized derivative above, we get, 

rp j D W 9e{t) 



Using Lemma 13. 1[ 

^(^ ( *)(-5(E v ^)+«(*» 

= — ad v ( t -\( (V^ Vh HA + it(t)) = ad/ ,„ \v(t) 

Note that -fff(t) = -f^, Vt and by Lemma [3TTT \ e=Q = —ad v (t)Hi. We obtain 
^ Ht{t)Ht{t)\ £=Q = -Vad^mHi - V Hi (ad vit) Hi) 



Recall that Tg^LgUyi D = u{t). We derive, 
(3.8) 

de l -°- E / (i^Vw-S-JL-^))* 

= J ( w W^W + ad (_i (EiVHiffi)+u(t) ) w W - 2^ ( V ^ (t) ^^ + ^ HX^ d v{t)Hi))) 
1 

- u(t) + ad£ (t) u(t) + K{u(t)), v(t))dt 



dt 



where in the last step, we used the integration by parts with respect to time and the 
condition v(0) = v(l) = 0. Definitions (13. 4p . (I3.5P and (13 .6p were also used. 

By definition, g(.) is a critical point of J v '^ ^ if and only if — Jf £ ' v ^ | e _ = for 

each v G C 1 ([0, Then (13. 8p implies equation (13. 3p since v is arbitrary. □ 



Remark 1. If Hi = or we choose a connection such that V u v = for any 
u, v G then K{u) = and equation (13.31) is the standard Euler-Poincare equation, 
see for example [A-K], [M-R]. 

Remark 2. As we can deduce from the computation, for each e, the expression 
Tg e (t)L g -i^ D is non-random and does not depend on the initial point g(0). 

Remark 3. The critical equation (13. 3p depends on the metric, connection and the 
choice of {Hi}. The term K{u) defined by (13.61) depends on the metric, the connection 
and the choice of {Hi} whereas ad* depends on the metric only. 

Remark 4. If G is the group of diffeomorphisms on the torus the SDE (12. 4p 
becomes equation (14.31) of next section. We can check that the Ito formula (13. 7p holds 
by direct computation. Then the proof of Theorem l3.2l is still valid, and the conclusion 
is true in this case. 

For a Lie group G with a right invariant metric and right invariant connection, we 
can define a composition map o by a o b := ba, Va, b G G. Then the original metric 
and connection are left invariant under the composition o and we can also define the 
semi-martingale g(.), the action functional J(g(.)) and the perturbed semi-martingales 
g £ ^ v by the composition o. For example, one can check that the semi- martingale g{.) in 
(12. 4p is changed to the following, 

(3.9) dg(t) = T e R g(t) (j^H i odB\--Y J V ' u^dt + u{t)dt) , 

i i 

where T e R g M is the differential of right translation with g(t) at the point x = e. And the 
action functional J in (13.11) is defined by right translation if we use the composition o on 
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G. We also say g{.) is a critical point if f £ (J v > { } (^)) | £=0 = for each v E C\[0,1};) 
with v(0) = v(l) = 0. By the same procedure as above, we can derive the following 
theorem on a Lie group with right invariant metric and connection. 

Theorem 3.3. Suppose that G is a Lie group with right invariant metric (, ) and right 
invariant connection V. The G-valued semi-martingale g(.) defined in A3. 9\) is a critical 
point of J v '( ) if and only if u(.) G C 1 ([0, 1]; 9) satisfies the following equation, 

(3.10) j t u(t) = -adl {t) u(t)-K(u(t)), 

where u and K :9 — > 9 are defined in A.3-4]) an d A3. 6]) respectively. 



Under some special conditions, the operator K{u) defined by (13. 6p coincides with 
the de Rham-Hodge operator on the Lie group. More precisely we have the following 
Proposition, 

Proposition 3.4. Suppose that G is a Lie group with right invariant metric ( ) , and 
V is the (right invariant) Levi-Civita connection with respect to (). If we assume that 
V HiHi = for each i, we have, 

K{u) = {V Hi V Hi u + R(u, Hi) Hi), \/u G 9, 

i 

here R is the Riemanian curvature tensor with respect to V. In particular, if {Hi} is 
an orthonormal basis of 9 , then K{u) = — |Dm := — |(Am + Ric{uj), where Au := 
AU(x)\ x=e for the right invariant vector fields U(x) := T e R x u, Wu G 9, x G G. 

Proof. Note that for each v G 9, 

Hi + V Hi {advHi) 
= -W [VtHi] Hi-W Hi [v,Hi] 
(3.11) = -V [v , Hi ]Hi - V Hl {^vHi - V Hl v) 

= -V[ v ,H t ]Hi - V v V Hi Hi - V [Huv] Hi - R(Hi,v)Hi + V Hi V Hi v 
= R(v,Hi)Hi + V Hi V Hi v 

In the first step above, we used the property ad v u = —[v,u] for every u,v G 9 if we 
view u, v as the right invariant vector fields on G. In the second step we used the 
fact that V is torsion free. In the third step we used the definition of the Riemanian 
curvature tensor. Finally we used the assumption V^ifj = 0. 
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Then by (13. 6p . for each u, v G , 

(K(u),v) = -^(u,J2{V adv H t Hi + V Hi (ad v Hi))^ 

i 

= ~\{ u i E W v > ^ + v Hi v Hi v) ) 

i 

= ~l( E (Vj 4 V^« + J2(ti, Hi)Hj,v), 

i 

where in the last step we used the property (V u v, w) = —{v, V u w) for u,v,w G £f since 
V is Riemannian with respect the metric ( ); we also used the symmetric property of 
the curvature tensor R. 

Since v is arbitrary, we get, 

K{u) = ~ E ( V ^ V ^ n + tfO^o > 

i 

If {-ffj} is an orthonormal basis of £f, define the right invariant vector fields Hi(x) : = 
TAHi, U(x) := T e R x u, Vx G G, then AU(x) = Y, i ^ 2 U{x){H i {x),H i {x)) = £. (V^ 
V^f/(x) -V v ^f/(x)), hence An = Af/(x)U =e = £. Hl u - V Hi H iU ) = 

EjV/^Vi^u since V^-f^ = 0. Also note that ^2 i R{u,H i )H i = Ric(w), so we have 
= -i(A« + Ric(u)). 

□ 



4 Some applications 
4.1 The rigid body SO(3) 

To describe the motion of a rigid body, the configuration space is G = SO (3), see [A-K] 
and [M-R]. T e G = so(3), the 3x3 skew symmetric matrices. Take a basis of so(3), 
namely 

It satisfies the following relations, 
(4.1) [Ei,E 2 ] = E 3 , [E 2 ,E 3 ] = Ei, [E 3 ,E{\ = E 2 . 

/ -v 3 v 2 \ 

For u G so(3) with the form ^ = I —V\ , G K 1 , j = 1,2,3, we 

\ -v 2 vi / 

have, v = V1E1 + v 2 E 2 + v 3 E 3 . We define t> G M 3 to be the unique element such that 
vt] = v x r\ for each 77 G IR 3 ; in fact, it easy to check that v := (v\, v 2 , v 3 ). 
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Take / = (Ji, I 2 ,Iz) such that Ij > 0, j = 1,2,3 and define an inner product in 
so(3) as follows, 

3 

(v, v) 1 : = 7j-v|, £ so (3) with u = v 2 , v 3 ), 

3=1 

We extend (, ) 7 to 5*0(3) by left translation, then we get a left invariant metric, which 
we still write as (, ) 7 . In particular, if Hi = for each i in the semi-martingale (I2.4p . 

then gif) -1 ^^- = u(t), and u(t) is the angular velocity vector. In the definition of 
the Lagrangian in (13. ip . if we choose the metric to be (, ) 7 , then the Lagrangian is the 
kinetic energy with moment of inertia I. See the discussion in [A-K], [M-R]. 

Let V 7 be the Levi-Civita connection with respect to (, ) 7 . By ( 14. ip and the formula 
for the Levi-Civita connection, we derive, 

V^ = 0, V^ = 1(1 + ^A)^, V I E2 E l = \{-l + h 1 Jl) E , 

(4.2) Vi 2 E 2 = 0, V I E2 E 3 = 1 -(1 + I -^)E 1 , V I E ,E 2 = 1 -(-l + I -^)E 1 

V^3 = 0, V^ 1 = I(1 + ^)^ I K 1 E 3 = 1 -(-l + I -l^)E 2 

Take Hi := -jfEi for z = 1, 2, 3 in SDE (12.41) . \H^\ =1 is an orthonormal basis of so(3). 
By ( 14.11) and ( 14.21) . for each v £ so(3) with 6 = (t>i, t> 2 , w 3 ), 

E ( v a<^+v^H„^)) = -i— ((/ 2 -/ 3 )V j e 1 + (/ 3 -/i) 2 ^ 2 + (/i-/ 2 ) 2 ^3) 

-'l-'2-'3 

Then by ( 13. 6p . for every u £ so(3) with u = (u\, u 2 , u 3 ), 

K(u) = -1— L_((I 2 - I 3 )V#i + (J 3 - Ii)V£ 2 + (h - I 2 fu 3 E 3 ) 

From [M-R], we know for each u £ so(3) with u = (ui,u 2 ,u 3 ), the adjoint of ad with 
respect to ( ) I has the following expression, 

x ^3(^2 ~ F , t* 3 m(i3--?"i) p 1 "iM2(/i-/ 2 ) r 
ad u W = ; E x H £ 2 H £ 3 . 

-*1 J3 

Replacing in the equation ( I3.3p . if the semi- martingale g(.) in (12. 4p is a critical point 
of J v '^ ) , and writting u(t) = (ui(t), u 2 (t), u 3 (t)), the vector u satisfies the following 
equation, 

IM*) = ( J 2 - h)u 2 (t)u 3 (t) - iJ ^fu 1 {t) 

hu 2 (t) = (h ~ h) Ul (t)u 3 (t) - ^fu 2 (t) 
I 3 u 3 (t) = (h - I 2 ) Ul (t)u 2 (t) - {J ^fu z {t) 
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More generally, using properties (14. ip and (14. 2p . we can compute equation (I3.3P for the 
critical point of functional J y/ ^ ^ where J, I' G M 3 may be different. In particular, for 

V = (1, 1, 1), by flOD, ^E^j + ^E E i = for each h j, which implies that K{u) = 
for each u G so(3) for the metric ( ) 7 and the connection V 7 '. Therefore in this case, 
the equation (13 .3D is the same as that standard Euler-Poincare equation. 

4.2 Volume preserving diffeomorphisms on the torus 

We shall discuss the two dimensional torus T 2 for simplicity, although the torus of any 
dimension or even a more general compact Riemannian manifold can be considered as 
well. 

Let Gy := {g := T 2 — > T 2 is a volume preserving bijection map, g, g~ l G H s }, where 
H s is the s-th order Sobolev space. If s > 2, then G s v is an C°° infinite dimensional 
Hilbert manifold (see [E-M]). The composition in G s v will be the composition of T 2 
maps. If s > 2, G s v is a topological group (not a Lie group since left translation is not 
smooth), see [E-M], and 

9v ■= T e G s v = {X : H S (T 2 ; TT 2 ), tt(X) = e, divX = 0}, 

where e is the identity map between T 2 . 

We consider the inner products ( )° and ( ) 1 in g v defined as follows, 

(X,Y)°:= [ (X(x),Y(x)) x dx, \/X,Yeg v , 

{X,Y) X := [ (X(x),Y{x)) x dx+ [ (VX(x),VY{x)) x dx, \fX,Yeg s v , 

where (, ), V are the standard metric and corresponding Levi-Civita connection on 
T 2 (V coincides with the ordinary derivative on T 2 ). We extend (, )°, (, ) x to right 
invariant metrics on Gy by right translation, which we still write as (, )° and (, ) 1 . 

By Theorem 9.1 and 9.6 in [E-M], there exists a right invariant Levi-Civita connec- 
tion V° with respect to (, )°. In particular, 

V° x Y = P e (V x Y), WX,Yeg v , 

where V is the Levi-Civita connection on T 2 and P e is the orthogonal projection (with 
respect to L 2 ) onto g v = {X G H S (TT 2 ), divX = 0} determined by the Hodge 
decomposition, H S (TT 2 ) := g v ® dH s+1 (T 2 ). From now on, for X G gy when we use 

V we view X G TT 2 as a vector field on T 2 and when we use V° we view X as an 
element in g v . 



11 



We choose some suitable basis of g v as in [C-C] . We consider such basis indexed by 
k in a subset of Z 2 having an unique representative of the equivalence class defined by 
the relation k ~ k' if k + k' — 0. The vectors {Ak, Bk}^ = i will have the following form, 



A k {6) = X(\k\)(Al(9), A 2 k (9)), with A\{9) = k 2 cos(k ■ 9), A 2 (9) = -k lC os(k ■ 9), 
B k (9) = X(\k\)(Bl(9), B 2 k (9)), with Bl(9) = k 2 sin(k ■ 9), B 2 k (9) = -k lS m(k ■ 9), 

where 9 = (9 1 , 9 2 ) G T 2 , k = (ki, k 2 ) G Z 2 , k ■ 9 = k x 9 x + k 2 9 2 and A(|fc|) is a constant 
depending only on \k\ = \ki\ + \k 2 \. Since V A k Ak = 0, V B k Bk = VA; (see the proof 
of Lemma 2.1 in [C-C]), the SDE (EiD) becomes, 



(4.3) 

dg(t, 9) = J2 ( A Mt, 9))odW k \t) + B k (g(t, 9))odW 2 k (t)) +u(t, g(t, 9))dt, g(0, 9) = 9, 



where u(t, .) G TT 2 , Wt, such that u G C 1 ([0, 1]; g v ). This SDE was considered in 
[C-C]. If u(t, .) G TT 2 is regular enough and A(|fc|) decays to fast enough as \k\ tends 
to infinity, then the weak solution of H4.3[) exists, see [C-C]. Moreover the Stratonovich 
and the Ito integrals in the equation coincide. 



Note that in the proof Theorem 13.21 when {A k , Bk} is an infinite sequence, if A(|/;;|) 
decays to fast enough as \k\ tends to infinity, we can change the operation of derivative 
with e between the operation of the infinite sum of index k and the conclusion of the 
Theorem is true. But for simplicity, from now on we assume that u(., .) is smooth, and 
{Ak,Bk} is a finite sequence, i.e., there exists an integer m > 0, such that \{\k\) = 
for each k with \k\ > m. Furthermore, by the proof of Theorem 2.2 in [C-C], we have 
the following characterization, 



So the infinite dimensional Laplacian, when computed on smooth cylinder functions 
with only one variable, coincides with the usual Laplacian on the torus. 



A' 



(4.4) 




|fc|^m 



where v := ^ 




The semi-martingale g(, ) in lj4-3\ ) ^ s a critical point of the action functional J v °^ ^ 
if and only if u satisfies the viscous Camassa-Holm equation, 




(4.6) < v = u- Au 



divu = 
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Proof. To apply Theorem 13.31 we just need to give an explicit expression of ad* u (u) and 
K(u) in (13.51) . (13. 6p for the different metrics and connections. 
For each X £ H S (TY 2 ) and Y e g s v , 



(P e X,F) u = / ((P e X)(x),Y(x))dx = / 
Jt 2 </t 2 

Therefore, for each u,v £ g v regular enough, 

(ti,V^4 + V^(a4^fc))° = / (n,P e (V ad ^ fc A fc + V A (a4A fc )))rfx 

7t 2 



(it, (V[„,A fc ]>U + [v, A fc ]))rfx 

Note that V is the Levi-Civita connection on T 2 , V Ak A k = 0, and the Riemanian 
curvature on T 2 is zero, by the same computation in (13. lip we have, 

V K A fc] A fe + V Ak [v,A k ) = -V Ak V Ak v 

An analogous identity holds for B k , so combining the computations above, 

J>, V° advA A k + V\{ad v A k ) + V° ad „ Bfe £ fe + V° Bk (ad v B k ))° 

k 

= J2 (u,V Ak V Ak v + V Bk V Bk v)dx 
u h 2 

(u,uAv)dx = / (uAu, v )dx = (uAu, v)°, 

T 2 JT 2 

where in the second step above we used property (I4.4p . in the third step the integration 
by parts formula on T 2 , and the last step is due to the fact that Am £ g v for u £ g v 
regular enough. So by definition (13.61) . we have K{u) = — f Am for the metric ( )° and 
connection V°. 

Another proof of this equality was given in [C], using the characterization of K in 
Proposition 3.4 and a direct computation of the operator K via the computation of 
the Ricci tensor for the Levi-Civita connection with respect to the metric ( )°. 

From [A-K], for the metric ( )°, we have ad* u {u) = P e (V u u) — P e (u ■ V«). 

As a result the reduced Euler-Poincare equation (13.101) for J v 'W is the Navier- 
Stokes equation ( 14. 5ft . 

Now we consider the metric ( ) 1 . For each X £ H S (TT 2 ) and Y £ g v , 

(P e X,Y) l = [ ((P e X)(x),Y(x)}dx+ [ (V(P e X)(x),VY(x))dx 
Jt 2 Jt 2 

(X(x),Y(x))dx+ [ (VX(x),VY(x))dx, 

JT 2 
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Notice also that (UyAv) 1 = (Au,vy for u,v G g v , due to the integration by parts 
formula on T 2 . So we can follow the same steps as we did for the metric ( )° above, 
and obtain K(u) = — \Au for the metric ( ) x and connection V°. (The connection is 
still V° here). 

From Theorem 3.2 in [S] (note that the definition of Laplacian in [S] is the minus 
Laplacian here), and since P e (l — A) -1 = (1 — A) _1 P e on TT 2 , for the metric ( } 1 , we 
have, 

2 

ad* u (u) = (1 - A) _1 (P e (w • V(w - Au) + ^(uj - Au^VuAj. 

Combing the above together, the reduced Euler-Poincare equation (13.101) for J v °'( ^ is 
the viscous Cassama-Holm equation (14.61) . □ 

For the standard Camassa-Holm equation we refer to [C-H] and [H-M-R] , for viscous 
Camassa-Holm equation we refer to [F-H-T] and [V]. 

Remark 1. For simplicity we assume here that u is regular enough, therefore u is 
the classical solution of the corresponding PDE. But to check the proof of Theorem l3.2l 
we only need the test vector v to be regular enough to go through the computation, 
and under such cases, the less regular u is the weak solution. 

Remark 2. We can define a H n metric as (X, Y) n := J J2™=o(^ ix ( x )i V i y(x))rfx 
for each X, Y e g v , the corresponding critical equation (I3.10p for J v °^ is as follows, 

§ = -ad* u {u) + |Am, 
divu = 0, 

where the duality in ad* here is defined by (13.51) for metric ( ) n . 

Remark 3. For the volume-preserving diffeomorphism group on higher dimen- 
sional torus, we can also choose an suitable basis of the corresponding Lie algebra, see 
[C-M]. 
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